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Abstract 
Accurate computation of multimode propagation in and radiation from a turbofan duct is important for aircraft noise prediction.
A formulation of linearised Euler equations (LEE) is proposed for efficient computation. Its solutions are sought in time-domain
using high-order computational aeroacoustic (CAA) algorithms. An advantage of the proposed method is that the number of 
computation is the cut-on mode number at the highest frequency regardless frequency sample interval. Furthermore the 
computing cost only increases marginally despite a doubling of the governing equations in real space. Tests show that the method
could potentially achieve computing cost saving. Examples including a generic bypass engine duct are given to illustrate the 
reliability and efficiency of the method. 
© 2010 Published by Elsevier Ltd. 
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1. Introduction 
Accurate estimation of noise generated by turbofan engines is important for noise certification of new aircraft 
types. There are various sources generated by a turbofan engine [1]. These include 1) fan noise which propagate 
forward through the intake duct and rearward through the bypass duct, 2) compressor noise which propagate 
forward, 3) core noise which propagate through the core nozzle, and 4) jet noise. Fan noise is a major noise source at 
the approach-to-land and take-off phases of aircraft operation.  
The fan noise consists of tonal components generated through rotor-stator interaction and broadband content 
generated by turbulent flow over fans and outlet guide vanes (OGV) etc. Sound propagation can be studied using 
either a convected wave equation (mainly for intake) or equations linearised about a background mean flow. Under 
the assumption of axisymmetric mean flow, the disturbances can be represented by a series of Flourier components 
in the azimuthal direction. The azimuthal and radial modal content (indexed by azimuthal modal number m and 
radial model number n) can be extracted from a CFD simulation of the source region and used as input to a 
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propagation computation. The far-field directivity can then calculated [2], e.g. through an integral solution of 
Ffowcs Williams-Hawkings (FW-H) equation [3]. 
In terms of numerical simulation, there are broadly three types of methods available to treat the fan noise 
problem. These are boundary element (BE) method, finite/infinite element (FE/IE) method and CAA methods based 
upon solutions of Navier-Stokes equations, Euler or linearised equations. The BE method [4] and the FE/IE method 
[5] solve the convected wave equation in the frequency domain. This allows the implementation of impedance 
boundary conditions, simulating acoustic lining materials within the duct. However, the method is restricted to 
acoustic propagation through irrotational mean flows. Under the general category of CAA, methods based on 
solutions of LEE are widely used. The equations support the propagation of entropy, vorticity and acoustic waves, 
allowing for cross-coupling between different modes [2]. However it faces the challenge of non-physical shear 
instabilities. An alternative of LEE is acoustic perturbation equations [6] which require user intervention in selecting 
and filtering sources. For CAA methods, the computational domain is necessarily truncated to simulate the near field 
only. This requires the use of a suitable far-field radiation method - typically an integral solution of the Ffowcs 
Williams - Hawkins (FW-H) equation or the Kirchoff method. 
Most of computational works concerning turbofan duct propagation problem is restricted to individual modes, 
solving for individual modal number (m,n) at a non-dimensional frequency ݇ܽ  where ݂ is the 
frequency, ܴ is the radius and ܿ is the sound speed. There appear few works in solving the propagation and radiation 
problem due to a range (distribution) of modes. An early work on multi-mode problem was performed by Rice [7], 
who introduced a mode-amplitude weighting function proportional to the cutoff ratio raised to an exponent. The 
special case of equal power per mode was subsequently used by numerical practitioners in their simulation works. 
The assumption of equal power per mode makes it possible to use the so-called single mode summation approach in 
numerical simulations. Used mainly with frequency domain methods [8,9], It can be an efficient method if the radial 
modal number is less than the effective simulation number. To compute multimode duct acoustic propagation using 
the single mode summation requires thousands of case computations. Computations have to be performed for each 
cut-on mode at discrete frequencies and the total propagation obtained by a summation of all single mode results in 
order to achieve incoherence. Achunche et al [8] used a Finite/Infinite element solver, ACTRAN/TM, to tackle 
multimode propagation from a turbofan intake at discrete blade-passing frequencies. It is better suited to intake 
problem. For a bypass duct problem, Manera, et al [9] introduced so-called membrane elements to account for the 
presence of shear layers.  
The above works are within frequency domain. An alternative approach is the so-called “random phase 
approach” [10]. In this approach, all multi-frequency modes are solved in a number of repeated simulations. For 
each individual simulation, a random phase is added to each modal input phase. An averaged state can then be 
obtained. The consequence of this approach is that the simulation is normally in three-dimensional (3D) form and 
sufficiently fine grids have to be used to resolve all the azimuthal modes so that dispersion and dissipation can be 
minimized. General a powerful computer is needed. Moreover to find the necessary number of repeat simulations 
numerical tests are also needed. 
Time-domain methods solving Navier-Stokes, Euler or various forms of linearised equations have their 
advantages comparing to frequency domain methods. In particular, aerodynamic flow field can be accounted for 
relatively easily. The motivation in this work is therefore is to develop an efficient method in time-domain, solving 
linearised propagation equations, for propagation and radiation problems due to a distribution of modes. The 
purpose of the work is not to perform direct comparison with rig and static engine test data. Rather, we wish to 
demonstrate the efficiency of the methods for aircraft noise estimation. The assumptions made therefore are 
designed accordingly. In this work, a complex form of LEE is used, suitable for both intake and bypass duct mode 
problems.  The advantages of the formulation are that it keeps 2.5D form [2] while reducing the overall costs of the 
computation. With this LEE formulation, cut-on modes at multi-frequencies can be simulated in a single 
computation and the maximum number of computation cases is the cut-on mode number at the highest frequency 
regardless of the frequency sample intervals.  
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2. Linearised Euler Equations for Multimode Duct Acoustics 
For an axisymmetric background mean flow, the multimode time-domain LEE formulation can be expressed on a 
cylindrical coordinate system ሺ , where ݔǡ  and ߠ are axial, radial and azimuthal coordinates respectively. It 
would be possible to write the disturbances in terms of Fourier series in azimuthal direction, for example, for the 
axial velocity disturbance ݑᇱ
(1)
The complex form of the multimode LEE can then be written as 
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here ݅ ൌ ξെͳw . In the above equation, ݑǡ ݒǡ ݓ are velocities in axial, radial and azimuthal directions respective
the pressure, and ߩ the density. Superscript ሺԢሻ refers to the perturbation and subscript ሺͲሻ refers to the backgr
mean value. The subscript ሺ݉ሻ is dropped fr m the perturbation variables for clear expression. The parameters for 
non-dimensionalisation are length scale L, background density ȡ0 and the sound speed ܿ଴. Since Equation (3) does 
not contain frequency, it can be used to account for multi-frequency contribution. The form of the equation itself is 
not new. It has been used in frequency domain with an assumption of ݁௜ఠ௧ for the time derivations. However it is 
first time being used for multimode problems in time domain. It should be noted that Equation (3) allows a constant 
swirl background flow (w00); therefore it has wider applications than the single frequency formulation [2].  
Broadband acoustic modal inputs are expressed, in harmonic forms, in Equation (3).  In the actual computation, 
these are prescribed in an inflow buffer zone as the noise sources. A constant background temperature is also 
defined in the inflow buffer zone so that the homentropic flow assumption is valid and the non-dimensional acoustic 
pressure and density inputs are related by ݌ᇱ ൌ ߩᇱ. The acoustic modal inputs can also be separated into image and 
real parts. For each (m,n) mode  the real part of inputs is: 
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where wavenumbers ଵ and ୒ refer to the range of frequency. The constants, ܿଵܽ݊݀Ĳ୫୬ are defined as, 
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he parameters ୧୬୬ୣ୰ǡ ୰ǡ ୶ǡ୫୫are radius at the duct inner surface, radial wave number, axial wave
number, and the mth-order B  function of the first and second kind respectively. The amplitude, Ap, of the 
acoustic pressure is defined to have a constant acoustic intensity level (100 dB used in the computation) at the 
engine duct inlet. This gives each cut-on mode equal power per mode. Although the number of the equations is 
oubled in real space, the overall cost of case computation only increases by 24%.   
Figure 1 shows the total number of computation cases for the generic engine case described in section 4. For the 
single mode formulation [2], the total number of cut-on mode is 7805 within a frequency band of 200 to 4000 Hz 
and at a frequency sample interval of 200 Hz. This number increases dramatically when the frequency sample 
terval is reduced. For the m  cases does not depend on
equency. The total cut-on m he actual computation disc
next, a total of 457 computations . 
Figure 1: Total number of computation cases at a sample interval of 200 Hz. 
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s 
ed by a low-dissipation and -
ispersion Runge-Kutta scheme [15]. Buffer-zone boundary conditions [16] were placed in the inflow and outflow 
are
4.1. Case setup 
A generic aero-engine case [13] was studied using the multimode method. Figure 2 shows the engine geometry 
and background mean flow. The bypass duct’s radius ranges from 0.8 units to 1.4 units at the source entry plane. 
Dimensional references of length, density and sound speed are one meter, 1.3 kg/m3 and 346 m/s respectively. The 
background mean flow was obtained through a steady RANS simulation. 
ion of generic engine bypass geometry; contours are background axial velocity. 
The acoustic source frequencies were chosen from 200 Hz to 2600 Hz with a sample interval of 200 Hz. The 
8-core nodes (Intel Nehalem 2.26 GHz) with a minimum 24GB of 
memory per node. There is a fast infiniband network for parallel communication and a 100 TB of storage with high-
re used for the final bypass duct computation. 
4.2.
ging from 1400 to 2600 Hz at a sample 
interval of 200 Hz were selected. Results are presented in Figures 3 to 5. For quantitative comparison apart SPL 
contours, the results are also presented on an arc (line A shown in Figure 3) where a polar observation angle is 
3. Numerical Procedure
The proposed formulation has been used in a series of benchmark validation and applications. These cases 
include Homicz and Lordi [11], Munt [12] and generic engine bypass duct [13]. In solving the governing equations, 
a compact scheme is used for spatial derivatives [14] and time integration is perform
d
as to minimize the spurious wave reflections. In validation cases the far filed acoustic radiation was predicted 
through an integral solution of Ffowcs Williams-Hawkings (FW-H) equation [3] and compared with the Munt’s 
analytical solution. The simulations were performed on structured grids. Details of the numerical procedures are 
similar to those described in Zhang et al [13]. 
4. Computation of a Generic Engine Bypass Duct 
Figure 2: Illustrat
first cut-on mode appears at the frequency of 200 Hz and the high frequency was limited by the computing power 
available. There are a total of 13 discrete frequencies and 457 cut-on azimuthal modes ranging from 0 to 67. The 
first cut-on mode is the mode (0,1) at 200 Hz and the highest mode is the mode (67,1) at 2600 Hz. Each simulation 
ran for 100 modal periods in which the last 13 periods were used for sound pressure calculation. The acoustic 
sources were admitted at the entry plane of the engine bypass duct as shown in Figure 2. The computing mesh, 
consisting of 268000 cells, was established to have a spatial resolution of at least eight point-per-wavelength (PPW) 
for all cut-on modes in both the radial and the axial directions.  
The computing facility consists of 1008 
performance GPFS file system. A total of 100 hours a
Comparison with single mode computation 
Apart from benchmark cases such as Homicz and Lordi [11], and Munt [12], which are not included here, an 
exercise was undertaken to compare the multimode prediction with a number of single mode computations. The case 
selected was the (25,3) mode. A total of seven discrete frequencies ran
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defined staring from axis (ĳ = 0) and rotating anti-clockwise to ĳ = 120 degrees. It can be seen that the results 
compare well both qualitatively and quantitatively.  
rediction by multimode computation. 
Figure 5: Comparison of directivity along line A (shown in Figure 3). ʊ multimode and ̛ ̛ ̛ single mode 
summation. 
Figure 3: Summed near field SPL for (25,3) mode from single mode computations. 
Figure 4: Near field SPL p
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4.3. Multimode computation 
Results of near field SPL are shown in Figure 6.  Two radiation peaks are observed. The first one (119.7 dB) is 
along the x-axis (ĳ § 0) and the other (116.4 dB) at ĳ § 53 degrees. For the first peak the acoustic modes 
propagating along the core nozzle cone downstream along the axis. Generally there is a concentration of acoustic 
energy at low observation angle below 10-15 degrees, caused by low m modes. The second radiation peak is 
produced by the mode diffraction on the bypass nozzle exit. As the observation angle increases further the level 
drops off (by 19 dB at 120 degrees). The results are rather similar to that reported in Joseph and Morfey [17] where 
a semi-infinite duct was used. In Joseph and Morfey, only one radiation peak between 0 and 70 degrees was 
reported and the SPL then dropped by 15 dB at 120 degrees.  
(a) 
(b) 
Figure 6: Multimode prediction. (a) directivity and (b) SPL contours. 
4.4. Effect of radial modes 
Figure 7 presents the directivity patterns for four selected m modes (m=6, 13, 26 and 52) along line A. The SPL 
values in the first half of the radial modes are significantly higher than the rest. The higher RMS pressure will have a 
significant influence on the summed results. Figure 8 shows a comparison of total SPL summed with the complete 
set and the first half of the radial modes. The two results are almost identical at observation angles less than 60 
degrees and only differ slightly (maximum -0.3dB) at angles larger than 60 degrees. The contribution of first half of 
the radial modes (242 cut-on modes) can be used to estimate the total SPL efficiently. This can reduce the total 
computing cost (by 47% in this case).  
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(a) m=6 (b) m=13
(c) m=26 (d) m=52
Figure 8: Comparison of n mode contribution. 
Figure 7: Directivity patterns at various azimuthal modes. 
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.5. Effect of azimuthal modes 
Figure 9 gives directivity patterns at selected azimuthal (݉) modes. The ݉ ൌ Ͳ mode mainly influences the first 
diation peak along the axis. The concentration of acoustic energy at low observation angles is due to low 
zimuthal modes (݉ ൏ ͳʹ). The m modes less than 30 (݉ ൏ ͵Ͳ) contribute to the second radiation peak. The ݉
modes higher than ݉ ൌ Ͷʹ have radiation peaks in a range of 65 to 90 degrees and make less important 
contributions to the overall sound pressure level since their peak values are obviously lower than those of the lower 
݉ modes. A test using further two-third of ݉ modes (݉ ൌ Ͳ to ͶͶ, consisted of 207 cut-on modes) gives an 
estimation of the total SPL as shown in Figure 8. The maximum difference is -0.4 dB between 0< ĳ <65 degrees. 
Based on this observation a saving of 54.7% in computing time can be achieved. The equal power assumption gives 
each mode the same weight so that if one cut-on azimuthal mode appears on more discrete frequencies this mode 
has more weight than the others in the multimode simulation. This is the situation for the lower m modes as they are 
likely cut-on to more discrete frequencies and thus make bigger contributions. 
Figure 9: Directivity patterns at different azimuthal modes. 
4.6. Sample interval 
A comparison was performed between the frequency sample interval of 50 Hz and 200 Hz in individual cases to 
ure accurate prediction using the interval of 200 Hz. Two computations were performed for modes (13,2) and 
(13,3) to assess the influence.  Within the frequency band of  200 Hz to 2600 Hz, the discrete frequency number Nd
is 49 for the interval of 50 Hz. No obvious deviation is observed in terms of directivity patterns except the levels 
which is a constant (+6 dB). This is as expected as the difference in the sample interval is 4 times. With more 
frequencies involved the SPL field looks smoother. It is clear that the use of the sample interval of 200 Hz is 
sufficient.  
5. Summary 
 A formulation of linearised Euler equations is developed to perform multimode acoustic propagation and 
radiation computation efficiently. The governing equations are solved in time-domain using high-order CAA 
methods. The proposed method can be used to compute multimode problem associ ed with turbofan intake and 
bypass ducts. A feature of the proposed method is that the cut-on modes at different quencies can be solved in a 
single computation and the maxim  the cut-on mode number at the 
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ghest frequency rather than the number of discrete frequencies. Although the governing equations are doubled, the 
tal computing costs only increase by 24%.  
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The numerical method has been t
 Lordi and Munt solutions. It has also been applied to a eneric aero-eng ypass duct problem where single 
mode computations were also performed for comparison. Results show that the peak radiation angle moves 
gradually from along the x-axis at mode m=0 to 90 degrees at mode m=67. Above m=44, modal contributions to the 
total SPL value is s ntly reduced. The total computing cost can be reduced by 54.7% if a SPL error of -0.4 d  
is permitted.  
eferences 
[1] R. J. Asley, “Numerical methods for noise propagation in moving flows, with application to turbofan engines,” 
Acoust. Sci. & Tech. 30(4), 2009, pp. 227-239. 
[2] X. Zhang, X. Chen, C. L. Morfey, and P. A. Nelson, “Computation of spinning modal radiation from an 
unflanged Duct,” AIAA Journal, 42(9), 2004, pp. 1795-1801. 
2, 2
e fo]
. Lordi, “A note on the radiation directivity patterns of duct a
, 1975, pp. 283-290.
[1
bypass duct,’ AIA
] G. Ashcroft and X. Zhang, “Optimised prefactored compact schemes,” Journal of Computational Physics, 190,
2003, pp. 459-477.
[15] F. Hu, M. Hussaini, and J. Manthey, ‘Low-dissipation and -dispersion Runge-Kutta schemes for computational 
acoustics,’ Journal of Computational Physics, 124, 1996, pp. 177-191. 
[16] S. Richards, X. Zhang, and P. A. Nelson, “The evaluation of a buffer zone as an inflow/outflow boundary 
condition for computational aeroacoustic applications,’ Journal of Sound and Vibration, 270, 2004, pp. 539-
557. 
[17 P. Jose]
182 X. Zhang, X. Chen / Procedia Engineering 6 (2010) 173–182
